A state-specific multireference coupled-cluster method based on Arponen's bivariational principle is presented, the bivar-MRCC method. The method is based on singlereference theory, and therefore has a relatively straightforward formulation and modest computational complexity. The main difference from established methods is the bivariational formulation, in which independent parameterizations of the wavefunction (ket) and its complex conjugate (bra) are made. Importantly, this allows manifest multiplicative separability (exact in the extended bivar-MRECC version of the method, and approximate otherwise), while preserving polynomial scaling of the working equations. A feature of the bivariational principle is that the formal bra and ket references can be included as bivariational parameters, which eliminates much of the bias towards the formal reference. A pilot implementation is described, and extensive benchmark calculations on several standard problems are performed. The results from the bivar-MRCC method are comparable to established state-specific multireference methods. Considering the relative affordability of the bivar-MRCC method, it may become a practical tool for non-experts.
I. INTRODUCTION
In this article, we demonstrate how Arponen's bivariational principle 1 (BIVP) can be employed to derive a statespecific multireference coupled-cluster (MRCC) method for electronic-structure theory, avoiding many of the problems associated with the currently established state-specific methods, such as sufficiency conditions, non-commuting cluster operators, and so on. The present proof-of-concept method is based on single-reference theory, and uses a complete-active space (CAS) approach, but avoids, at least in principle, a bias towards an arbitrary formal reference via an optional bivariational optimization. Thus, the method is not a "genuine" multireference method, but should be nearly free of the problems associated with reference bias. We name the method the bivariational (state-specific) multireference coupled-cluster method (bivar-MRCC). When reference optimization is included, we name it the orbital-adaptive bivariational multireference coupled-cluster method (bivar-OAMRCC). In the same manner as standard single-reference coupled-cluster theory can be viewed as an approximation to Arponen's extended coupled-cluster (ECC) method, we also obtain an extended version, bivar-(OA)MRECC. The bivariational approach allows a manifestly multiplicatively separable state parameterization, providing automatic extensivity of the energy and computed properties, including excitation energies, whilst being of relative simplicity. Moreover, the bivariational MRCC ansatz should be amenable to relatively straightforward mathematical analysis, e.g., a priori error analysis, such as done previously for the ECC method. 2 Hence, this approach has the potential of being a powerful quantum chemical tool usable for the non-expert.
Arponen's bivariational approach is top down, starting with potentially different but exact parameterizations for both a a) Electronic mail: simen.kvaal@kjemi.uio.no. bra and a ket vector Ψ | and |Ψ . The exact Schrdinger equation is then obtained by requiring the bivariate Rayleigh quotient (expectation value functional) Ψ |H|Ψ / Ψ |Ψ to be stationary. Approximations are in turn obtained by truncating the state parameters, i.e., a nonlinear Galerkin approach in the language of numerical analysis. 3 Mathematical statements of the convergence of the computed results can be made from this top-down approach using basic results from nonlinear functional analysis. 2, 3 We stress that, while there are "two wavefunctions" in bivariational approaches, they form a unique state approximation ρ = |Ψ Ψ | / Ψ |Ψ . Since this state is obtained variationally, expectation values are obtained in a straightforward manner using the Hellmann-Feynman theorem. 4 Equations for excited states and response theory are also readily formulated.
In his original analysis of CC theory (and the introduction of the ECC method), Arponen used the bivariational approach to write down what was named the coupled-cluster Lagrangian by Helgaker and Jrgensen. 5, 6 Compared to Arponen's derivation, the conventional CC Lagrangian derivation can be claimed to be bottom up: Starting from the projected similarity-transformed Schrdinger equation, one realizes that its approximate fulfillment via projection is a constrained optimization of the CC energy, and that the corresponding Lagrangian can be conveniently written as an expectation value using an auxiliary bra vector involving the Lagrange multipliers. Thus, in a sense, the bivariational point of view is now standard in quantum chemistry, but its power is not fully utilized: the conventional view is very "ket centric", while the bivariational top down approach places equal importance to the bra and ket, and the left and right Schrdinger equations, and hence all state parameters. Indeed, for general bivariational methods, the standard notion of a "projection manifold" is not meaningful, since the stationary conditions do not decouple bra and ket Schrdinger equations. Finally, let us remark, that all current MRCC theories are similarly focused on the ket side, being based on projections of a similarity transformed Schrdinger equation ( 31 Mar 2020 for state-universal theories). A complete overview of existing state-specific MRCC approaches is beyond the scope of this work. We direct the reader towards the excellent reviews by Khn et al. 7 , Lyakh et al. 8 , as well as the perspective article by Evangelista. 9 The bivar-MRCC method resembles the complete-active space coupled-cluster (CASCC) method pioneered by Piecuch, Oliphant, and Adamowicz. [10] [11] [12] Indeed, the ket ansatz is identical. However, whereas CASCC is based on the projection of the corresponding ket Schrdinger equation, we instead provide an exact bra parameterization. Moreover, the BIVP allows optimization of the formal reference by means of non-orthogonal orbital rotations akin to the non-orthogonal orbital-optimized CC (NOCC) method developed by Pedersen and coworkers. 13 For systems with multireference character, this may lead to significantly more compact wave function representations, in particular of singlereference type. 14, 15 Care is taken so that both the bra and the ket vectors are manifestly separable, and a balanced treatment of the model space (i.e., the CAS) is obtained for the bra and the ket.
We present first numerical benchmark calculations for the bivar-MRCC and bivar-MRECC methods, performed with a full-configuration interaction (FCI) based pilot implementation. As a multireference method should be be reasonably accurate for both single-and multireference problems, we opted for an example which incorporates both, namely the insertion of Be into H 2 , a standard example for testing novel multireference coupled-cluster methods since it is computationally feasible even for complicated methods. 8, 16, 17 We also perform numerical experiments on the dissociation of the HF and H 8 molecules. Whenever possible, we also compare our results with MRCC calculations presented in the literature.
The article is organized as follows: In Section II we discuss the BIVP and its Galerkin approximation. We outline how a bivariational method can be analyzed mathematically in order to obtain a priori error estimates for the Galerkin approximations. In Section III we introduce the bivar-MRCC method, including the bivariational optimization of the formal reference. We discuss its extensivity and separability properties. In Section IV we discuss our implementation of the bivar-MRCC method, before we present some numerical results in Section V. Finally, in Section VI we present our conclusions and future perspectives.
II. THE BIVARIATIONAL PRINCIPLE
A complete mathematical exposition of the present material is out of scope for the present article, and will be presented elsewhere. The current treatment is compatible with a finitedimensional Hilbert space H , or alternatively a bounded and below-bounded Hamiltonian H. Virtually all Hamiltonians of interest in molecular quantum mechanics are unbounded, e.g., they contain a kinetic energy term. On the other hand, whenever one thinks of a finite-dimensional full-configuration interaction (FCI) model as "exact", the present setting is sufficient.
A. Bivariate Rayleigh quotient
The BIVP, introduced by Arponen in his seminal coupledcluster treatise 1 , and also studied by Lwdin around the same time 18 , is a generalization of the Rayleigh-Ritz variational principle to Hamiltonians H that are not necessarily selfadjoint, even if the most important application is to these Hamiltonians. The approach introduces, in addition to the usual ket vector |Ψ , the dual vector Ψ | as a truly independent variable, since relaxing the requirement that H = H † makes the left and right eigenvectors independent. The starting point is then the bivariate Rayleigh quotient
which is stationary if and only if
where E = E (Ψ, Ψ). This is the bivariational principle. The basic idea is to introduce potentially different approximations to Ψ | and |Ψ , a flexibility which turns out to be very useful. However, as the bivariate Rayleigh quotient is not below bounded, unlike the usual variational Rayleigh quotient for a self-adjoint H, one cannot throw in any trial bra-ket pair at E and hope for a meaningful result. A potentially confusing aspect of the BIVP is the fact that we now have "two wavefunctions". However, the state formed is unique, i.e., it is a non-Hermitian rank-one density operator ρ = |Ψ Ψ | / Ψ |Ψ . Since ρ is determined variationally, the Hellmann-Feynman approach 4 can be used to define expectation values of arbitrary observables A, i.e.,
By introducing the time-dependent BIVP 1,19 , we can take the leap to the time domain. The bra and ket time-dependent Schrdinger equations are obtained as stationary points of the action-like integral
This opens up the route to not only response theory 20 and the approximation of excited states 1,21 , but also real-time propagation of quantum systems far from the ground-state [22] [23] [24] [25] .
B. Parameterization maps and discretization
Suppose that we are given a parameterization map χ : V ⊕ V →H ⊕ H , where V is some Hilbert space, and wherẽ H (resp.Ṽ) is the dual space of H (resp. V), i.e., space of bra vectors. The map χ is assumed to be smooth and with a smooth inverse near a ground-state pair ( Ψ * | , |Ψ * ), i.e., the parameterization is exact near the ground state. The map induces an energy expectation value functional E χ :
, which is smooth, and whose critical points are in one-to-one correspondence with the solutions of Eq. (2) that can be reached with χ. In particular, the ground state is parameterized by a point (ṽ * , v * ) ∈ V ⊕ V. It follows that the Schrödinger equation and its dual can be written:
A bivariational approximation is now obtained by a Galerkin approach defined by projection in the space V, i.e., we restrict Eq. (5) to the spaceṼ d ⊕ V d , where the subscript d is a discretization parameter:
Here, P V d is the projector onto V d . In any Galerkin approach, it is assumed that any v ∈ V can be approximated sufficiently well by the projections v
(and similarly for the dual element). The example to keep in mind is that of V being the space of cluster amplitudes (or operators), and V d being a a single (S), double (D), etc., truncation. The limit d → ∞ corresponds to the untruncated limit (and also the basis set limit in the infinite dimensional case). Typically, V consists of excitation amplitude vectors, andṼ consists of de-excitation amplitude vectors.
C. Local strong monotonicity analysis
Several questions arise: First, does the discrete bivariational Schrödinger equation (6) have a solution? Is this solution unique? Does the solution (ṽ d * , v d * ) and the corresponding energy E d = E d (ṽ d * , v d * ) converge to the exact solution (ṽ * , v * ) and energy E * = E χ (ṽ * , v * ), respectively?
This problem was analyzed and under mild sufficient conditions, the questions answered in the affirmative by Laestadius and Kvaal for Arponen's ECC method 2,26 , implying the same results for the standard coupled-cluster method. For an analysis of standard CC without the BIVP, see the works of Rohwedder and Schneider 27, 28 . In Section III, we will introduce our multireference ansatz, i.e., our map χ. However, we will relegate the mathematical analysis of the method to future work. See however Ref. 29 , where Faulstich et al. studied Kinoshita's tailored coupled-cluster method 30 . Since this method also uses a CAS model space, it is likely that the assumptions needed for the analysis of bivar-MR(E)CC will be similar. Even if the mathematical analysis is postponed, we find it instructive to explain its basic ingredients, which should serve as compelling evidence for the usefulness of the bivariational approach in general.
A key analysis tool for studying CC theory 2, [26] [27] [28] [29] 31 was that of local strong monotonicity 3 of the flipped gradient F :Ṽ ⊕ V →Ṽ ⊕ V given by
Local strong monotonicity can be rephrased as the Jacobian of F being coercive at the ground state. Flipping the gradient is motivated by the following: The simple gradient of the original bivariate Rayleigh quotient E is not monotone, since every eigenvalue is a saddle point. However, it can be demonstrated that flipping the gradient turns the ground-state saddle point into something like a local minimum under reasonable conditions on the Hamiltonian. Thus, it makes sense to consider Eq. (7) and find conditions on χ such that local strong monotonicity is inherited.
For such an analysis, it is easiest to work with a parameterization in which the normalizations of the bra and ket are fixed. In the setting of ECC, the bra-ket pair is normalized according to Ψ |Ψ = Φ 0 |Ψ = 1, where |Φ 0 is the reference determinant in single-reference theory.
When F is locally strongly monotone near the ground-state, Zarantonello's Theorem 2,3,26 on local form implies v d * → v * andṽ d * →ṽ * as d → ∞. The critical point formulation of the Schrödinger equation immediately implies a quadratic error estimate,
for some constant C, which holds for sufficiently large d, i.e., for sufficiently large Galerkin subspaces V d . We remark, that this is a local result. There may be solutions of the discrete equations that are not related to exact solutions, and the local convergence is only achieved sufficiently far into the Galerkin sequence of spaces, i.e., for large enough d.
III. STATE-SPECIFIC MULTIREFERENCE FORMULATION

A. Bra and ket model spaces
Like all multireference methods, we need a specification of a model space H 0 and an external space H ext , together forming the computational N-electron space H = H 0 ⊕ H ext . The computational space is often a proper subspace of the full Nelectron space H N . For simplicity, we take as model space a standard CAS generated by a finite set of single-particle functions (spin-orbitals) {ϕ p } = {ϕ i } ∪ {ϕ a }, divided into occupied {ϕ i } and unoccupied {ϕ a } subsets ( Fig. 1 ). For a general CAS, the occupied orbitals are again divided into active and inactive subsets, while ϕ a is always denoted active. The formal reference |Φ 0 is composed of the occupied {ϕ i }. Finally, the external space is obtained by choosing another set {ϕ α } of virtual functions, linearly independent to {ϕ p }, and taking as determinantal basis for H ext the determinantal basis for H 0 , with at least one substitution of an active single-particle function by an external single-particle function ϕ α .
The whole computational space is now generated by the set of spin-orbitals {ϕ x } = {ϕ i } ∪ {ϕ a } ∪ {ϕ α }. We do not assume that this set is orthonormal. Instead, we will assume biorthogonality with the dual spin-orbitals that define the dual computational Hilbert spaceH =H 0 ⊕H ext . To this end, we introduce dual active spin-orbitals {φ x } = {φ i }∪{φ a }∪{φ α } that gen-erateH 0 andH ext , in the same manner as above. Biorthogonality means φ x |ϕ y = δ xy . The dual reference Φ 0 | is defined by occupying all theφ i , from which we obtain Φ 0 |Φ 0 = 1. Indeed, we have in general Φ µ |Φ ν = δ µν , where µ is a generic numbering scheme of the Slater determinant basis of the computational Hilbert space.
A general model space ket can be written
where µ ∈ CAS indicates that the sum is over the CAS determinant basis only. Similarly, a general model space bra can be written
We note that Ψ 0 |Ψ 0 = µ∈CAS d µ c µ = d T c, introducing matrix notation for the amplitudes. Instead of a CAS, we may also consider incomplete active spaces or even more general model spaces and external spaces. For the following, the only really important feature is that the model space is spanned by determinants that are excitations from the formal reference, and that the external space is generated by excitations out of the model space.
As outlined in the Introduction, we intend to allow the formal references to be optimized bivariationally, i.e., the active occupiedφ i and ϕ i are variables in the parameterization map χ to be described. For the moment, however, we consider these active occupied spin-orbitals to be fixed.
B. Bra and ket parameterizations in Hilbert space
In the internally contracted MRCC scheme 7-9 (ic-MRCC), a general wavefunction |Ψ ∈ H is written
where T ic-MRCC = µ T (µ) is a general cluster operator, whose components T (µ) are single-reference cluster operators relative to |Φ µ as reference. We note that T (µ) is in general not unique, and that [T (µ) , T (ν) ] 0. These are among the basic problems which we would like to avoid. Suppose now that |Ψ ∈ H has a nonzero component along the formal reference |Φ 0 . We can then use singlereference CC theory to uniquely write |Ψ = exp(T SR ) |Φ 0 , where T SR = T 0 + T is the full cluster operator in singlereference theory manner. The term T 0 contains precisely those excitations that stay within the model space, leaving T as the external excitations having at least one external label α. Exploiting this, we obtain
where exp(T 0 ) has been converted to a FCI expansion. The operator T is unique, since any external space determinant is uniquely obtained as an excitation from |Φ 0 . Similar to the above considerations, a general bra Ω| with nonzero component along Φ 0 | can be written Ω| = Ψ 0 | e S , where S is an external de-excitation operator (excitation operator for bras). In the spirit of Arponen's ECC method, we can postmultiply with the invertible operator e −T to obtain the bra parameterization
This is valid so long as Ψ | e T |Φ 0 0, a very mild restriction. We note that Ψ |Ψ = Ψ 0 |Ψ 0 = d T c.
This now completes the specification of an exact parameterization map ( Ψ | , |Ψ ) = χ(s, t, d, c), where s and t are the amplitudes of S and T , respectively. Here, the dependence on {ϕ x } and {φ x } is implicitly included via the determinantal basis' dependence on these. Plugging into the bivariate Rayleigh quotient, we obtain the energy functional of bivar-MRECC,
where we introduced the CAS cluster operators C and (deexcitation) operator D. We remark, that in Arponen's ECC, a further coordinate change (t, s) = (t(s, s ), s) is made, where s are the amplitudes of a cluster operator S defined by Φ µ |S |Φ 0 = Φ µ |e S T |Φ 0 . This is done in order to ensure a certain linkedness structure of the diagram series, and also has the implication that the time-dependent Schrdinger equation takes the form of a canonical Hamiltonian system. 1, 26, 32 We will not further explore the ECC flavor of the multireference ansatz here, but instead reparameterize Λ = e S − 1 to obtain the energy functional of the bivar-MRCC method,
where
can be considered an effective CAS Hamiltonian. Finally, we consider the special case when the CAS has a nonempty set of inactive occupied spin-orbitals. Let H 0,N be the space spanned by all determinants built from {ϕ p }, such that the full N-electron space is divided as H N = H 0,N ⊕H ⊥ 0,N . Clearly, H 0 ⊂ H 0,N and H ext ⊂ H ⊥ 0,N are proper whenever there are inactive occupied orbitals. In this case, a general single-reference cluster operator T SR = T 0 +T has components that generate Slater determinants that violate the occupancy restrictions in the CAS and the external space, [33] [34] [35] [36] i.e., these determinants are in H N but not in H . Thus, T is not freely variable, but must be constrained. We treat this as a technical problem to be addressed in the numerical implementation, see Sec. IV. In the remainder of Sec. III, we therefore assume that there are no inactive occupied spin-orbitals, so that T and Λ are not constrained.
C. Truncation schemes
We briefly consider Galerkin schemes for the bivar-MR(E)CC method, i.e., cluster operator truncations. The model space expansion coefficients c and d are in this work never truncated. The untruncated cluster operators read
where µ ∈ ext denotes a general external excitation index. We employ the usual truncation scheme in terms of external singles (S), doubles (D), etc., relative to the formal reference. The result is the SD. . . K(n, m) truncation scheme, built from a CAS with n electrons in m (spatial) orbitals, and external single and double excitations, etc., up to K-fold excitations.
In order to obtain a more balanced description for all model space states, in particular when degeneracies are present, it might be necessary that the cluster operators include excitations out of all model space determinants. 37 The simplest choice is the first-order interaction space (FOIS) 8, 37, 38 defined by all single and double excitations relative to the model space into the external space. Inclusion of the FOIS in the cluster operators ensures that computed energies will be correct through second order in perturbation theory. This is so, because the excitations in the FOIS are precisely those that are coupled to the model space H 0 by two-body Hamiltonians. Thus, the FOIS consists of selected external doubles, triples, quadruples, and so on. The resulting truncation will be denoted SD. . . K(n, m)FOIS. We remark that the same approach is employed in the CASCC method and also reflects the excitation manifold used in internally contracted multireference methods.
D. Working equations
We proceed to discuss the stationary conditions of the bivar-MRCC energy. The equations for the extended version are similarly obtained, and omitted here.
Differentiation of Eq. (15) with respect to the CAS amplitudes d µ and c µ yields, respectively, right and left eigenvalue equations for the effective Hamiltonian matrix K = K(t, λ),
as well as the condition d T c 0. Here, E = E(t, λ) = E bivar-MRCC (λ, t, d, c) can, in the regime of weak dynamical correlation, be taken to be the smallest eigenvalue. However, in practice the ground-state solution may correspond to a higher eigenvalue; see Sections IV and V. Without loss, we can assume that d T c = 1 at the solution.
Differentiation with respect to λ µ gives a (λ-independent) equation for t,
Finally, differentiation with respect to t µ gives a linear equation for λ,
The t-equations (17b) and the λ-equations (17c) are similar in structure as the corresponding equations in standard singlereference CC theory.
E. Bivariational optimization of reference
We now describe the orbital-adaptive element of the bivar-MRCC method, i.e., the bivar-OAMRCC formulation. In order to alleviate the arbitrariness of the formal bra and ket reference determinants, we introduce optional orbital rotations in the model space as bivariational parameters, i.e., we let the active occupied orbitals ϕ i andφ i be variational parameters in E bivar-MRCC . The spin-orbitals are free to vary within the given single-particle model space. Since the singlereference CC ansatz is invariant under separate rotations of occupied and virtual orbitals, it is sufficient to consider orbital variations of the form
where κ = [κ pq ] is a non-singular matrix with κ i j = κ ab = 0. The transformation preserves biorthogonality of the singleparticle functions. The determinants transform as
Here,c q is the destruction operator associated with the dual spin-orbitalφ q , and c † p is the creation operator associated with ϕ p . The non-zero matrix elements of κ are all independent, and we can express the energy functional in terms of κ, given an arbitrary fixed "guess" of orbitals, viz.,
Assuming that the current basis is actually the solution, i.e., κ = 0 is the critical point, we obtain stationary conditions from the first-order term of the BakerCampbellHausdorff (BCH) series of e −κ Heˆκ,
for every pair of (a, i).
It should be noted that, in the full, untruncated bivar-MRCC model, all the matrix elements of κ are redundant, since we are at the FCI limit. Thus, reference optimization only makes sense in a truncated bivar-MRCC model. Moreover, in the case where the truncation leads to an accurate dynamical correlation representation, it can be expected that the orbital dependence is weak.
F. Extensivity
In the extended bivar-MRECC parameterization, both the bra and the ket are manifestly multiplicatively separable for noninteracting subsystems, so long as the model space is complete and a FCI expansion is kept. (For incomplete active spaces and general model spaces the analysis is more involved. 39 ) It follows that the energy functional is additively separable (extensive), and that expectation values and properties are also extensive. Excitation energies computed using linearization of the equations of motion (equivalently, response theory) yields intensive excitation energies, also for independent excitations on each subsystem. This should be contrasted to standard equation-of motion coupled-cluster theory (EOM-CC), where such excitations are not additive. 40 This can be traced to the bra not being multiplicatively separable.
For the linear bivar-MRCC version, the bra is not fully multiplicatively separable due to linearity in Λ. However, the state is separable in the CAS part. Thus, we expect excitation energies to be very well represented, also for individual excitations on noninteracting subsystems, as long as the model space resolves the system's quasidegeneracy.
It is instructive to compare the bivar-MR(E)CC method to the CASCC method of Adamowicz and coworkers, which can be defined in terms of the Lagrangian-like functional
This Lagrangian, where orthonormal spin-orbitals are assumed, is derived from the projection of the similarity transformed Schrdinger equation e −T He T C |Φ 0 = EC |Φ 0 . While the ket is identical to bivar-MRCC, and hence separable, separability of the bra is lost. Indeed, whereas the bivar-MRCC method has an (approximate) multiplicative structure in the bra, the CASCC bra has no such structure, resulting in two quite different methods. While the CASCC method is cheaper and more straightforward to implement, we conjecture that the multiplicative structure of the bivar-MR(E)CC methods will have strong impact on the computed properties, response theory, and in particular excitation energies.
IV. IMPLEMENTATION
An implementation of the working equations (17) for the bivar-MRCC and bivar-MRECC methods requires solving a non-symmetric CI, a CC-type and, in the case where orbitaladaptivity is included via Eq. (22), a mean field problem. All these are coupled. The simplest approach is an iterative approach, where these subproblems are solved in turn.
In our pilot implementation, determinant based FCI technology is used, i.e., wave functions are expanded in a FCI basis, and matrix elements over general excitation operators are decomposed into contributions of type Φ µ |c † xcy |Φ ν by inserting the FCI identity. 41 All operations on FCI vectors are SMPparallelized, and expectation values are computed by evaluating inner products. For simplicity, spin-symmetry is exploited only in the computation of matrix-vector products involving the Hamiltonian (also known as σ-vectors). Up to four vectors of full length are kept in memory, thus limiting the scope of applicability to performing benchmark studies on small model systems. A more efficient implementation is currently in development, and uses the fact that singlereference technology can be used to compute the contributions that feature the same model space determinant (generated by D and C operators) on the left and right hand side of Eq. (17) and Eq. (22), respectively. This approach has been discussed for Mukherjee's state-specific Mk-MRCCSD method 42 and leads to an effective scaling of O(n MS n 2 occ n 4 virt ) for these terms, with n MS being the number of model space determinants, and O(n 2 occ n 4 virt ) the scaling of the conventional CCSD method. The remaining contributions are very sparse and automated code generation together with tensor contraction technology can be used to compute these efficiently. [43] [44] [45] The external cluster operators used in the present implementation are defined by the SD. . . K(n, m) and SD. . . K(n, m)FOIS schemes, see Section III C. A collective K-fold excitation index µ ∈ ext is represented by the 2K-tuple
with
In Eq. (24), inactive occupied orbitals are counted using ι and the internal amplitudes (defined by M = M = 0) are excluded. For a general CAS with inactive orbitals (i.e., M > 0), linear dependencies (e.g., induced by double excitations containing active-active "spectator excitations") are removed efficiently by orthogonalization (vide infra). In each step of the mean-field optimization Eq. (22), the integrals with active indices are transformed according to Eq. (18), ensuring that X µ is (Hermitian) adjoint to Y µ at any step in the computation.
In our current implementation, the maximum excitation rank is not limited, thus in principle allowing for arbitrary order cluster operators. Excitations from the model space to the FOIS are implemented by redefinition in terms of excitations with respect to the reference determinant. Thus, a bivar-MR(E)CCSD(n,m)FOIS cluster operator contains maximally (n + 2)-fold excitations with respect to the reference determinant. 8 The computation of the bivar-MR(E)CC wavefunctions and energies is performed iteratively (see Fig. 2 ): First, based on a (fixed) model space definition, the Hamiltonian is diagonalized in this subspace to give the model-space wave functions (9) and (10) . Based on these CASCI vectors, the (initial) reference state and reference determinant are defined. Using this definition, the doubles part of the t-amplitude vector is populated with second-order Mller-Plesset (MP2) values. Then, the t-and λ-equations are solved iteratively. In the case of bivar-MRECC, t and λ are optimized simultaneously. If orbital adaptivity is considered, the orbitals are optimized either before or after solving the CC problem by solving Eq. (22) , and the integrals are transformed into a basis where all κ pq = 0. 46 Finally, the matrix K(t, λ) (Eq. (15)) is constructed within the model space and diagonalized to give the updated model space vectors c and d. The amplitude vectors t and λ and the CI coefficients are re-optimized until convergence, which is typically achieved in 3 to 10 (outer) iterations.
During iterations, the character of the reference wave functions Eq. (9) and Eq. (10) is preserved by choosing those eigenvectors of Eq. (17a) that have the largest overlap with the c and d vectors from the previous iteration thereby avoiding problems created by root flipping. Thus, the initial choice immediately after the CASCI step defines the nature of the state that is optimized. Similarly to the CASCC(sw) method 47 , the reference determinant is allowed to change dynamically during iterations. Whenever this happens, the definition of the cluster operators is reset and the amplitudes are reinitialized to MP2 values.
Convergence of the t-and λ-equations is accelerated by using a quasi-Newton-Raphson update together with the direct inversion in the iterative subspace technique. 48 If the set of inactive orbitals is nonempty, the amplitude vectors are orthogonalized using Cholesky decomposition of the metric S µν = Ψ 0 |Y µ X ν |Ψ 0 = ρ L µρ L νρ . [34] [35] [36] 49 The amplitude update is then given by ∆t µ = − ν L −1
µν Ω ν (t, d, c)/∆ ν , where ∆ ν is the MPn energy denominator. The λ-amplitudes are updated similarly. The CI-expansion vectors are updated with aid of a minimum polynomial extrapolation technique. 50 In the bivar-MRECC case, a flexible microiteration scheme is employed.
V. NUMERICAL RESULTS
Accuracy is one of the most important requirements for a novel MRCC method. Other (weaker) conditions have also been formulated. 8 Moreover, being partially motivated from mathematical arguments and based on an unconventional formulation of quantum mechanics, the bivar-MRCC method should be tested with respect to physical predictions, i.e., expectation values as defined in Eq. (3) . For this reason, we did not only investigate the accuracy of absolute energies, but also the quality of the actual density operators ρ = |Ψ Ψ | / Ψ |Ψ diagonalize H in model space compared to FCI results. Furthermore we emphasize, that our scope is not to present the performance of the method under ideal conditions, but rather study the behaviour using set-ups typically found in everyday and sub-optimal applications, e.g., by using different reference orbitals. To this end, absolute energies, spin-expectation values, dipole moments and density operators have been computed using different orbital sets and compared to FCI results. Whenever possible, computed quantities are compared to the results of other MRCC methods found in the literature.
A. Error measures relative to full CI
Absolute energies are compared to the respective FCI values by evaluating the difference ∆E FCI = Tr(ρH) − E FCI . In order to quantify the accuracy of the density operator, the Frobenius norm ||δρ FCI || 2 F = Tr (ρ − ρ FCI ) † (ρ − ρ FCI ) has been calculated, a standard coherence and entanglement measurement in quantum information theory. 51, 52 Small values of ||δρ FCI || F indicate that ρ is a good approximation to the FCI state. Since spin-symmetry can be directly related to the quality of the approximate bra and ket, 53 the totalspin contamination ∆S 2 FCI = Tr(ρS 2 ) − S (S + 1) / 2 is used as an additional accuracy measure.
Finally, the accuracy of dipole moments is expressed by
where m i denotes the i-th component of the electronic dipole operator.
Statistical errors are computed using the following definitions:
B. Model systems
A multireference method should be be reasonably accurate for both singlereference and multireference problems. We therefore opted for studying the novel bivar-MR(E)CC methods using a model system providing both. The computational investigation of the potential curve of the symmetrical insertion of Be into H 2 has been described comprehensively 16 and serves as a standard example for testing novel MRCC methods, since it is computationally feasible even for complicated methods. 8, 17 Moreover, it features a lot of problems for quantum chemical methods like severe multireference character, level crossings and change of leading determinant along the potential curve. 7 Therefore the performance of the bivar-MR(E)CC methods has mainly been tested using this system. Additionally, the chemical bond-breaking of the hydrogen flouride molecule in ground state and the widely-used H 8 model system 37, 54 have been studied using the bivar-MRCC(2,2)FOIS method yielding highly accurate results. For example, H-F bond breaking with 12 points in 1.0 ≤ R H-F ≤ 5.0 a 0 yielded MAD(∆E FCI ) = 1.12 mE H , MAX(∆E FCI ) = 1.27 mE H , STD(∆E FCI ) = 0.06 mE H , and NPE(∆E FCI ) = 0.22 mE H (cf. Section II, SI). However, since the electronic structures of HF and H 8 are less complicated then the one of the BeH 2 system, the results are not discussed in detail here, but can be found in the Supplementary Information.
C. Technical details
In order to be able to compare to other MRCC methods and owing to computational restrictions, the same parameters regarding geometry and basis set described in Refs. 17, 47, and 54 have been used for the BeH 2 (10s3p/3s2p and 4s/2s basis), HF (DZV basis) and H 8 (minimal basis) models. The (C 1 as well as C 2v ) CASSCF orbitals have been computed using the Bochum-suite of ab initio wave function programs. 34, 55, 56 The FCI computations are performed with a local program based on a quasi-relativistic CI program 57 and verified against the results presented in Ref. 17 . If not otherwise mentioned, energies and residuals were converged to thresholds 10 −6 a.u. and 10 −4 a.u., respectively. Amplitudes with absolute value smaller than 10 −10 a.u. were neglected. In all computations, all electrons were correlated.
D. BeH 2 FCI results
The symmetric insertion geometry of the system is parameterized using the distance x from the Be atom to the H 2 moiety, with x = 0 referring to the linear arrangement. 17 (Note that the molecule has been rotated in space, thereby interchanging b 1 and b 2 irreducible representations.) For 0 < x ≤ 4 a 0 , the system comprises the symmetry of the C 2v point-group. The FCI energies for the first 10 states with M S = 0 are shown in Fig. 3 . (The mapping of the C 1 FCI states Γ 1 , Γ 2 , etc., onto the corresponding states in C 2v is given in the SI.) Apparently, the nature of the C 1 ground state changes along the insertion pathway. The respective C 1 ground state Γ 1 ( 1 A 1 or 3 B 1 in C 2v ) is dominated by the appropriate linear combinations of the following four determinants:
where the exponent denotes the (spatial) orbital occupancy. Concerning the cusp by x = 2.75 a 0 , the FCI wave function of the 1 A 1 state (CAS(2,2)SCF orbitals) constitutes ∼52% of |Φ 1 and ∼39% of |Φ 2 , making it more suitable for a singlereference based MRCC description than a 50:50 mixture. Furthermore, there are small contributions from other determinants, namely the 1 A 1 -symmetric combinations of |(1a 1 ) 2 (2a 1 ) 1 (3a 1 ) 1 (1b 1 ) 1 (2b 1 ) 1 (∼2%) and |(1a 1 ) 2 (2a 1 ) 2 (1b 2 ) 2 (∼2%) which should be included in an accurate correlation treatment (cf. Section III, SI). 
E. Absolute energies
The potential energy curve of the 1 A 1 state has been investigated using the bivar-MRCCSD method with 2-in-2 (CAS(2,2)) and 4-in-6 active spaces (CAS(4,6)), based on the respective CASSCF orbitals. The CAS(2,2) is spanned by the four determinants given in Eq. (25), i.e., the 1b 1 and 3a 1 orbitals are chosen active. For CAS (4, 6) , the doubly occupied 2a 1 orbital and three virtual orbitals are added based on orbital energy 38 . The reference wave functions for the bivar-MR(E)CCSD computations using the CAS(2,2) model space have been constructed in the following way (The same procedure has also been applied for the computations based on the CAS(4,6) model space): Diagonalizing both the Hamiltonian and the K-matrix in this space yields four states, that in C 2v transform as two 1 A 1 , one 1 B 1 , and one 3 B 1 state. The initial values for the expansion vectors c and d were chosen such that they correspond to the one of the two the 1 A 1 (CASCI) states being lowest in energy. The reference wave functions were then updated during the iterative procedure, preserving the 1 A 1 nature of the expansion vectors throughout by an overlap criterion (cf. Section IV). Note, that for 2.25 ≤ x ≤ 3.0 a 0 , this means that the optimization has been performed for an excited state. The results can be found in Fig. 4 . The bivar-MRCCSD(2,2) results are close to the values obtained with singlereference CCSD using |Φ 1 , 17 indicating that these calculations lack important dynamical correlation contributions from other determinants, in particular doubly excited determinants relative to |Φ 2 . 37 Including single-and double excitations for all four model space determinants (bivar-MRCCSD(2,2)FOIS) improves the treatment significantly and decreases the maximum error to just under the "chemical accuracy limit" of 1 kcal/mol (∼1.594 mE H ). The results of the extended variant bivar-MRECCSD(2,2)FOIS are very similar (cf. Table I), slightly superior in the multirefer-ence, but slightly inferior in the singlereference region. The same findings have been described for the singlereference coupled cluster and extended coupled cluster methods using the same model system. 17 Increasing the model space to include 225 determinants (CAS(4,6) ), but neglecting the FOIS (bivar-MRCCSD(4,6)) yields results similar to the four determinant model space variant with additional FOIS (bivar-MRCCSD(2,2)FOIS).
All curves show a discontinuity at x = 2.75 a 0 which can be traced back to the complicated nature of the FCI wave function at this geometry, constituting an almost 50:50 mixture of the determinants |Φ 1 and |Φ 2 as described in Section V D. The effect of bivariational reference optimization by orbital optimization at this point will be discussed in Section V G. A comparison to other MRCC methods using identical basis/geometry setup is shown in Fig. 5 . The ic-MRCCSD method uses a sophisticated internally contracted ansatz where the cluster operator includes terms from all model space states, see Eq. (11). 49, 58 It can therefore be assumed to be similar or more accurate than the singlereference ansatz used in bivar-MRCCSD. The latest CASCCSD(sw) method is closest to our current bivar-MRCCSD(2,2)FOIS method but much more accurate in the region where 1 A 1 is an excited state in C 1 . 47 This discrepancy might primarily be traced back to the different model space reference wave function used. In test computations on a H 8 model system, the CASCCSD(sw) and MRCCSD(2,2)FOIS results where very similar, with a slight superiority of MRCCSD(2,2)FOIS in the multireference region (cf. Section I, SI). Additionally, the results using the established Mk-MRCCSD method 59 are shown. However, being an Jeziorski-Monkhorst type method 60 , a direct comparison is complicated, and we merely note that the overall accuracy is good despite the instability in the region where 1 A 1 is not the ground state. Finally, we also like to mention that the MRCCSD method from Kállay, Szalay, and Surján 61 (∆E FCI = 1.890 mE H at x = 2.75 a 0 ) and the MRexpT method from Hanrath et al. 62 (MAD(∆E FCI ) = 0.591 mE H , MAX(∆E FCI ) = 1.693 mE H , NPE(∆E FCI ) = 1.663 mE H ) are very accurate. However, the reported values are based on SCF orbitals and/or use a different basis set and are therefore not shown here. Altogether, all multireference MRCCSD methods discussed, including the novel bivar-MRCCSD model, demonstrate chemical accuracy, i.e., |∆E FCI | ≤ 1 kcal/mol for this model system.
F. Density operators
Absolute energies are not good indicators of accuracy in general, particularly when the desired state is not the ground state. In Fig. 6 , the energy differences of several bivar-MRCCSD(2,2)FOIS computations with respect to FCI values are shown. These computations differ only in the orbitals used for constructing the computational Hilbert space, including the external space. Apparently, by using the "right" set of orbitals one can get very close to and even below the FCI energy, in particular inside the region where the desired state is not the ground state. Thus, in order to asses whether the right value has been obtained for the right reason, a more reliable characteristic has to be used. 
FIG. 6. bivar-MRCCSD(2,2)FOIS energy differences with respect to FCI for the 1 A 1 state of BeH 2 based on CAS(2,2)SCF orbitals optimized for different electronic states.
To this end, the Frobenius norm ||δρ FCI || F of the difference density operator (cf. Section V A) of the 1 A 1 state has been computed for the bivar-MRCCSD(2,2)FOIS method along the BeH 2 potential curve using CAS(2,2)SCF orbitals optimized for different electronic states. This data is summarized in Tab. I. Additionally, values for the bivar-MRECCSD(2,2)FOIS and bivar-MRCCSD(4,6) variants are shown for comparison.
The mean absolute deviations of both the bivar-MRCCSD(2,2)FOIS energy and density errors computed over the entire potential curve using different orbitals are similar, but the maximal absolute deviations differ significantly. Consider for example the errors at x = 2.75 a 0 . While the energy error of the computation based on orbitals for 1 B 1 is very small (0.358 mE H ), the error in the density operator is rather large (0.206) when compared to the errors obtained with 1 A 1 orbitals (1.547 mE H and 0.052). This can be resolved by analysing the CAS(2,2)SCF wave functions: The 1 B 1 state is composed of the open-shell determinants |Φ 3 and |Φ 4 (cf. Eq. (25)), while in 1 A 1 , the weights of the closed-shell determinants |Φ 1 and |Φ 2 are large. Thus, optimizing orbitals for the 1 B 1 (or 3 B 1 ) state has a significant impact on the 1 A 1 wave function without contaminating the overall symmetry of the wave function.
Based on the density error analysis, it can thus be concluded that the energy errors of the computations with orbitals optimized for 1 B 1 and 3 B 1 are unreliable. In contrast, the values obtained with state-specific ( 1 A 1 ) and state-average (50:50 mixture of 1 A 1 and 3 B 1 states) orbitals are considerably smaller, i.e., they represent the FCI state better. Considering actual applications, we note that typically one of the latter two orbital sets will be used 38 -both of which have been demonstrated to be accurate for the right reason. As a second measure for density operator accuracy, the spin-contamination ∆S 2 FCI has be computed. In the present implementation, only the symmetry [H, S z ] = 0 is exploited, total-spin conservation is not enforced. However, using a qualitatively correct model-space bra and ket is generally thought to be able to reduce the spin-contamination in the correlated wave function substantially. 8 For all singlet states studied, the computed spin-contamination was negligible with ∆S 2 FCI 10 −3 . Concerning the triplet 3 B 1 state, the errors are relatively small for bivar-MRCCSD(2,2)FOIS computations (MAD(∆S 2 FCI ) < 0.02, MAX(∆S 2 FCI ) < 0.07, cf. Section III, SI) compared to the values discussed in the context of singlereference CC methods. 53, 63, 64 These errors decrease further with increasing active space size (MAD(∆S 2 FCI ) < 0.01, MAX(∆S 2 FCI ) < 0.04 for bivar-MRCCSD(4,6)). Thus, the errors in the expectation value of the total spin-operator induced by the coupled cluster expansion used in the bivar-MRCC methods are, at least for this case, insignificant.
G. Orbital optimization
In the orbital-adaptive variant bivar-OAMRCC, activeactive non-orthogonal orbital rotations are introduced via Eq. (18) . Since these transformations are restricted to the model space, one may argue that these compete with the diagonalisation of the K-matrix Eq. (17a). In order to investigate this, test computations have been performed on the BeH 2 system in the multireference region (x = 2.75 a 0 ) using the bivar-OAMRCCSD(2,2)FOIS and bivar-OAMRCCSD(4,6) models. In all calculations the results have been found to be very close to the results obtained without orbital optimization. For the computations using the small CAS(2,2) model space, this is due to almost vanishing gradient norms. Concerning the CAS(4,6) based bivar-OAMRCCSD(4,6) computations, the results can be analysed by considering the energy change during iterations. To this end, each iteration is divided into four parts, namely solving t-equations (A), λ-equations (B), nonorthogonal orbital optimization (C) and non-symmetric eigenvalue problem (D). At each step, the energy difference between two bivar-OAMRCCSD(4,6) and bivar-MRCCSD(4,6) computations for the 1 A 1 state is shown in Fig. 7 (values for the 3 B 1 state can be found in the SI). The two orbital-adaptive models differ in the partition ordering, i.e., whether the orbital optimization is conducted before (CABD model) or after solving the CC equations (ABCD model). Indeed it seems like orbital optimization and diagonalization compete in the first iterations, i.e., orbital optimization leads, for both models, to a slight energy lowering of the energy, whereas the diagonalization has the opposite effect. In the second iteration of the computation using ABCD ordering, also the orbital optimization leads to an energy increase. In total, the effect of orbital optimization is very small after the third optimization, i.e., the bivar-OAMRCCSD (4, 6) results are almost identical to the ones obtained without or-bital optimization. Thus, in the example investigated, orbital adaptivity has negligible effect. However, this insensitivity of the energy towards bivariational optimization of the reference may be due to its limited size. The SD-FOIS truncation of the external amplitudes is already very large for a six-electron system. Recall, that at the FCI limit all orbital rotations are redundant. Moreover, the choice of the reference should play a major role in general, since the conventional argument against MRCC methods based on single-reference theory is its bias towards the formal reference. Thus, we conjecture that for larger systems, in particular extended systems, orbital optimization will play a much larger role.
H. Molecular properties
To gain some insight into the accuracy of first-order properties computed with the bivar-MRCC method, the dipole moments of the 1 A 1 state of BeH 2 along the PES have been computed using Eq. (3). The electronic dipole moment integrals were taken from a local version of the TURBOMOLE program package. 65 The computed values are compared to the corresponding FCI results by evaluating the error measure ||∆m FCI || 2 (cf. Section V A). For comparison, (orbitally unrelaxed) singlereference CC dipole moments have been computed using the CFOUR program package. 66 The mean absolute and maximum absolute deviations are depicted in Fig. 8 , the individual values can be found in the SI. The CCSD and CCSDT dipole moments based on restricted Hartree-Fock orbitals are very accurate for singlereference systems, but less accurate in the multireference region. 67 The bivar-MRCCSD computations improve upon the CAS(2,2)SCF reference values significantly, and even outperform the RHF-CCSDT method in this example.
VI. CONCLUSION
In this article, we have introduced a state-specific multireference coupled-cluster method based on Arponen's bivariational principle, the bivar-MRCC method. An extended version, bivar-MRECC, was also discussed, similar to Arponen's extended CC method. The method is wholly based on singlereference theory, has modest complexity, and avoids some of the problems associated with established multireference methods. For example, all cluster operators commute, and there is no need for sufficiency conditions as is needed in, e.g., Mukherjee's state-specific method. The method requires a formal reference much like the CASCC method of Piecuch, Oliphant, and Adamowicz, but the bias is to a great extent eliminated using bivariational optimization of the reference.
An important aspect of the method is its manifest separability, which in the extended form is exact, a feature allowed by the bivariational approach only. We expect the separability to play a major role for excited states and response properties.
A pilot implementation has been described, and extensive benchmark calculations on the insertion of a Be atom into H 2 0.01 has been performed. Therein, the method has been demonstrated to be very accurate, i.e., within the desired range of chemical accuracy, and an analysis of the density-and totalspin operator shows that the state description is indeed very accurate despite that the ansatz requires "two wave functions". All in all, the bivar-MRCC method seems to perform equally well as established state-specific MRCC methods do. While the pilot implementation is based on full-configuration interaction methodology to facilitate rapid development of a flexible program, a more efficient and optimally scaling implementation has been outlined. Such an implementation will open up the possibility for applications closer to the state-of-the-art, including transition metal chemistry and luminescence phenomena. The systems studied exhibited only weak dependence on the orbital rotations in the working equations. We conjecture that for such small systems as were studied, the first-order interaction space is sufficient to describe the majority of dynamical correlation, which means that the bivar-MRCC state is near the FCI state, and in this limit the orbital rotations are redundant. We furthermore conjecture that orbital rotations will play a larger role for larger systems.
From the point of view of theory, the natural continuation of this work is the derivation of response theory and theory for excited states, which the bivariational approach allows in a relatively straightforward manner. Moreover, the timedependent bivariational principle combined with biorthogonal orbital-optimization allows an ab initio dynamics method suitable to, say, study molecules under the influence of intense laser pulses, charge migration, charge transfer, and other situations where the system evolves far away from the groundstate. Multireference character of the resulting state can be expected to be significant, and is a major challenge of stateof-the-art methods today.
The bivariational formulation of bivar-MRCC has an important advantage in that a mathematical a priori error analysis is possible. The major challenge is finding the right assumptions on the system Hamiltonian and model space to facilitate a monotonicity analysis. If these assumptions are also reasonable in a wide range of situations, the bivar-MRCC method gains a distinct advantage over other MRCC theories, for which few mathematical results exist.
The modest complexity of the bivar-MRCC method allows extending the field of application far beyond the simple benchmark calculations presented here, once an efficient implementation is in place. We conclude that the bivar-MRCC method has potential to become a useful and practical tool in many areas of quantum molecular sciences, also for non-experts. Int. J. Quantum Chem. 28, 931 (1985) ). This system is widely used to study the performance of multireference methods because it depends on a geometrical parameter α which can be used to tune the multireference character of the system where α = 0 is essential singlereference and α = 0.0001 and smaller generates high multireference character. We compared the CASCCSD method with the new bivar-MRCCSD(2,2)FOIS method using these two values, converging all equations iteratively in a sequence of CI-, and CC-microiterations followed by an energy update to a energy difference and residual threshold of 10 −8 a.u., and 10 −6 a.u., respectively using the same reference determinants and identical integrals. Expansion parameters were neglected if their absolute value was smaller than 10 −16 . The results are summarized in the tables below. In the singlereference case, both methods are, as expected, very similar. For the multi-reference case however, the bivar-MRCCSD(2,2)FOIS is slightly better with respect to both, energy and state projector compared to CASCCSD. 
B. FCI results
The FCI energies of the four lowest states are shown in Tab. V. The mapping of the three lowest C 1 FCI states with M S = 0 onto the respective irreps in C 2v is listed in Tab. VI. Note that in the region 2.25 < x ≤ 3.0, the 1 A 1 state is not the ground state.
The FCI wave functions were computed based on CAS(2,2)SCF wave functions (see Section. III A). The change of the leading configuration in the 1 A 1 state is shown in the left side of Fig. 1 , the right side shows the composition of the 3 B 1 state. Note that for symmetry reasons, the weights of the two determinants in 3 B 1 are identical. The composition of the FCI wavefunction at x = 2.75 a 0 is indicated in Fig. 2 . As can be seen, apart from the two determinants shown in Fig. 1 , there are also three other determinants with a significant weight in the 1 A 1 FCI wavefunction. An accurate dynamical correlation treatment has to include these. 
C. bivar-MR(E)CC results
The energy differences of different bivar-MR(E)CCSD method are listed in Tab. VII. The errors of the bivar-MRCCSD density operator relative to FCI results are depicted and compared to Hartree-Fock values in Fig. 3 . It can be seen, that by increasing the dimension of the external space by including the first order interacting space, or by increasing the model space, the accuracy of the density operator is significantly improved. The bivar-MRECCSD(2,2)FOIS values are relatively similar to the bivar-MRCCSD(2,2)FOIS values, slightly inferior in the singlereference, and slightly superior in the multireference region, an observation which also has been described for the singlereference variants of these CC models.
Tab. VIII shows bivar-MRCCSD(2,2)FOIS energies based on CAS(2,2)SCF orbitals which were optimized for different electronic states. Apparently, one can get arbitrarily close to the FCI energy, and even below. The respective errors in the density operator are shown in Tab. IX, suggesting that the energies are not a good indicator for accuracy if the state of interest is an excited state (cf. values at x = 2.75 a 0 ).
Finally, results on the 3 B 1 states are shown in Tab. X. Concerning the total-spin expectation value, we note that the bivar-MRCCSD values are very close to the FCI value (S (S + 1) = 2). 
D. Orbital optimization
The influence of bivariational active-orbital optimization on the energy of the BeH 2 molecule at x = 2.75 a 0 for the 3 B 1 state is shown in Fig. 4 . Similar to the results for 1 A 1 discussed in the main text, the orbital optimization does not change the bivar-(OA)MRCCSD(4,6) energies significantly. 
E. Properties
The accuracy of first-order properties computed with the bivar-MRCCSD method has been assessed by calculating the dipole moment of BeH 2 (for values of H-F, see Section II) and comparing to FCI values. Tab. XI lists these values and includes values of other quantum chemical methods for comparison. In particular in the multireference region, the bivar-MRCCSD results are superior compared to the singlereference CC and CAS(2,2)SCF values. 
